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In this paper we provide a comprehensive derivation of the energy density in the stochastic
gravitational-wave background Ωgw(f), and show how this quantity is measured in ground-based
detectors such as Laser Interferometer Gravitational-Wave Observatory (LIGO), space-based Laser
Interferometer Space Antenna (LISA), and Pulsar Timing Arrays. By definition Ωgw(f) ∝ Sh(f)
– the power spectral density (PSD) of the Fourier modes of the gravitational-wave background.
However, this is often confused with the PSD of the strain signal, which we call Sgw(f), and is a
detector-dependent quantity. This has led to confusing definitions of Ωgw(f) in the literature which
differ by factors of up to 5 when written in a detector-dependent way. In addition to clarifying
this confusion, formulas presented in this paper facilitate easy comparison of results from different
detector groups, and how to convert from one measure of the strength of the background (or an
upper limit) to another. Our codes are public and on GitHub.
I. INTRODUCTION
The new era of gravitational-wave (GW) astronomy
arrived with a chirp from a binary black hole merger
detected by the Laser Interferometer Gravitational-wave
Observatory, (LIGO) [1, 2]. LIGO is the first GW exper-
iment to directly detect gravitational radiation, however
other GW detectors are poised to open up the full GW
spectrum, Figure 1. At the low frequency end, Pulsar
Timing Arrays (PTAs), see e.g. [3–8], have been taking
data for over a decade, and may be a few years away
from detecting a GW background (GWB) from the cos-
mic merger history of supermassive black hole binaries
(SMBHB) [9–12]. Detections of nearby resolvable SMB-
HBs are expected to follow in the next decade, or sooner
[10, 13, 14], while the Laser Interferometer Space An-
tenna (LISA) [15, 16] will fill out the GW spectrum at
millihertz frequencies in 2034.
Both astrophysical and cosmological sources are ex-
pected to contribute to a low-frequency GWB (see e.g.
[17–20]) and therefore a measurement of the amplitude
of the GWB offers a new and exciting avenue to explore
the evolution of the Universe. A multitude of experi-
ments have set limits on the amplitude of the GWB at
different GW frequencies, thus putting limits on the GW
energy density per logarithmic frequency. By dividing
this quantity by the critical energy density to close the
Universe, we write down Ωgw(f), Equation (1). PTAs
and LIGO set limits on Ωgw(f) at reference frequency f ,
whereas constraints on Ωgw from Big Bang Nucleosyn-
thesis and Cosmic Microwave Background experiments
[21] report this value integrated over frequency.
We derive Ωgw(f) comprehensively here since there
has been some confusion in the field, e.g. [22], re-
garding its definition: the detector-independent quantity,
Ωgw(f) ∝ Sh(f), where Sh(f) is the 1-sided power spec-
tral density (PSD) of the Fourier modes of the GWB, ver-
sus the detector-dependent quantity, Ωgw(f) ∝ Sgw(f),
where Sgw(f) is the measured PSD of the strain signal
in the detector.
To clear up this confusion we show how Ωgw(f) maps
on to GW detectors in terms of PSD of the strain signal
Sgw(f) for the three main GW detectors which will be
operating in the near future: LIGO, LISA, and PTAs.
We show that for LIGO and LISA, Sh(f) = 5Sgw(f),
while for PTAs this is 3Sgw(f), though in practice PTAs
report limits on Ωgw(f) in terms of the characteristic
strain of the GWB [23], hc, and not Sgw(f).
While different approaches and variations of this
derivation appear in the literature, it is clear that a self-
contained and complete derivation for the general defi-
nition of Ωgw(f) is still required – written in a detector-
independent way in terms of Sh(f) – and detector-specific
expressions [24–26], which are a function of Sgw(f).
The paper is laid out as follows: in Sec II we give a
comprehensive derivation of Ωgw(f). In Sec III, we show
how one obtains the PSD of the strain Sgw(f), and how to
write Ωgw(f) in terms this quantity for LIGO, LISA, and
PTAs. Concluding remarks are given in Sec VI. Fig. 1
can be reproduced using our open access code on GitHub,
https://github.com/ChiaraMingarelli/omega_gw.
Unless otherwise specified, the work is carried out in
natural units c = G = 1.
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2II. DERIVATION OF Ωgw(f)
The starting point for the various ways of writing
Ωgw(f) [27, 28], is
Ωgw(f) =
1
ρc
dρgw
d log f
, (1)
where f is the frequency, ρc = 8pi/(3H
2
0 ) is the criti-
cal energy density required to close the universe, H0 =
100 h km/s/Mpc is the Hubble expansion rate, with h
the dimensionless Hubble parameter, and ρgw is the to-
tal energy density in GWs [29, 30].
The stress-energy tensor of GWs is given by the Isaac-
son expression [31],
Tµν =
1
32pi
〈∂µhab∂νhab〉 , (2)
where 〈〉 denote the average, and the energy density is
given by the 00 component. Therefore,
ρgw =
1
32pi
〈h˙abh˙ab〉. (3)
We describe the metric perturbation in terms of a plane
wave expansion, in the usual transverse traceless gauge:
h0µ = 0, hµµ = 0:
hab(t, ~x) =
∑
A=+,×
∫ ∞
−∞
df
∫
S2
dΩˆ hA(f, Ωˆ)e
2piif(t−Ωˆ·~x)eAab(Ωˆ) ,
(4)
where hA(f, Ωˆ) are the polarization amplitudes, Ωˆ is the
direction of propagation of the GWs, and eAab(Ωˆ) are the
GW polarization tensors, which are uniquely defined by
specifying mˆ and nˆ – the GW principal axes:
e+ab(Ωˆ) = mˆamˆb − nˆinˆj ,
e×ab(Ωˆ) = mˆanˆb + nˆamˆb . (5)
We note that General Relativity only predicts only two
independent polarizations, plus +, and cross ×, while
other theories predict additional polarizations, such as
breathing modes [32–35]. Here we restrict ourselves
to the well-known tensor transverse polarizations, A =
+,×, and refer the reader to e.g [36, 37] for an overview
of alternative GW polarizations, and how they manifest
in the GWB.
We now have the ingredients to compute the energy density in GWs, and using the fact that h˙ab = (h˙ab)∗:〈
h˙abh˙
ab
〉
=
∑
A
∑
A′
∫ ∞
−∞
df
∫ ∞
−∞
df ′
∫
S2
dΩˆ
∫
S2
dΩˆ′〈hA(f, Ωˆ)h∗A′(f ′, Ωˆ′)〉eAab(Ωˆ)eabA′(Ωˆ′)4pi2ff ′ exp [2pii(f−f ′)t− 2pii(Ωˆ− Ωˆ′) · ~x].
(6)
For an isotropic, stationary, unpolarized, Gaussian
stochastic background, the quadratic expectation value
of the Fourier modes is given by [45]
〈hA(f, Ωˆ)h∗A′(f ′, Ωˆ′)〉 =
δAA′
2
δ(2)(Ωˆ, Ωˆ′)
4pi
δ(f − f ′)
2
Sh(f),
(7)
where Sh(f) is the one-sided power spectral density
(PSD) of the Fourier modes of the GWB. This can also
be written in terms of H(f) = Sh(f)/(16pi),
〈hA(f, Ωˆ)h∗A′(f ′, Ωˆ′)〉 = δAA′δ(2)(Ωˆ, Ωˆ′)δ(f − f ′)H(f) ,
(8)
and here 〈〉 denotes the ensemble average. Note that
additional GW polarizations would also require modifi-
cation of H(f), e.g. [46].
Using this definition, together with
∑
A e
A
abe
ab
A = 4,∫
dΩˆ = 4pi and Eqs. (6) and (7), we find upon converting
the frequency integral to [0,∞] that
〈h˙abh˙ab〉 = 8pi2
∫ ∞
0
df f2Sh(f). (9)
Hence,
Ωgw(f) ≡ 1
ρc
dρgw
d ln f
=
2pi2
3H20
f3Sh(f) . (10)
Ωgw(f) is also commonly reported in terms of H(f),
cf. Equation (8),
Ωgw(f) =
32pi3
3H20
f3H(f) , (11)
see e.g. [29, 30, 47–49]
III. POWER SPECTRAL DENSITY OF THE
STRAIN SIGNAL
We now consider the strain signal in a gravitational
wave experiment where the data-stream in the ith detec-
tor, s(t), will consist of a signal h(t) and noise n(t),
si(t) = hi(t) + ni(t) . (12)
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FIG. 1. The current and future gravitational-wave landscape in terms of Ωgw(f), assuming H0 = 68 km/s/Mpc [21]. Solid lines
are experiments which are currently online: PTAs and LIGO. Dashed and dot-dashed lines are future experiments, including
LISA [38], Einstein Telescope (ET) [39, 40], and Cosmic Explorer [41], assuming 2 years of data collection. PTA data are from
the NANOGrav 11-yr data release [42] and 95% upper limit on the strength of gravitational waves at those frequencies. The
Square Kilometer Array (SKA)[43] sensitivity assumes 10 years of observation of 200 millisecond pulsars with 50ns residuals
– reasonable for the year ∼ 2040 when LISA and ET and/or Cosmic Explorer may also be online. The SKA curve was made
using “gwent”software https://github.com/ark0015/gwent, based on [44]. In both the NANOGrav and SKA curves, the spike
appearing at 1/yr is a generic feature of PTA experiments and is due to fitting pulsar positions.
The one-sided PSD of the strain signal Sgw(f) is de-
fined by
〈h˜i(f)h˜j(f ′)〉 = 1
2
δ(f − f ′)Sgw(f)ij , (13)
where tilde denotes a Fourier transform with the follow-
ing convention:
h˜i(f) =
∫ ∞
−∞
e−2piifthi(t)dt. (14)
We can now explicitly evaluate the strain signal,
h˜i(f)=
∑
A
∫
S2
dΩˆ
∫ ∞
−∞
df ′
∫ ∞
−∞
dte−2piiftFAi (Ωˆ)hA(f
′, Ωˆ)e2piif
′(t−Ωˆ·~xi)
(15)
where FAi (Ωˆ) is the antenna beam pattern response of
the detector, see e.g. [48–51].
The factor of e2piift and its conjugate are such that
the integrals over frequency and time correspond to a
forward and backward Fourier transform, which simply
leaves
h˜i(f) =
∑
A
∫
S2
dΩˆ FAi (Ωˆ)hA(f, Ωˆ)e
−2piifΩˆ·~xi . (16)
Hence,
〈h˜i(f)h˜∗j (f ′)〉 =
∑
A
∑
A′
∫
S2
dΩˆ
∫
S2
dΩˆ′〈hA(f, Ωˆ)h∗A′(f ′, Ωˆ′)〉
× FAi (Ωˆ)FA
′
j (Ωˆ
′)e2pii(f
′Ωˆ′·~xj−fΩˆ·~xi) , (17)
and using Equation 7 this becomes
〈h˜i(f)h˜∗j (f ′)〉 =
1
16pi
Sh(f)δ(f − f ′)
×
∑
A
∫
S2
dΩˆFAi (Ωˆ)F
A′
j (Ωˆ
′)e2piifΩˆ·(~xj−~xi) . (18)
Referring back to Equation 13 we see that
Sgw(f)ij =
Sh(f)
8pi
∑
A
∫
S2
dΩˆFAi (Ωˆ)F
A′
j (Ωˆ
′)e2piifΩˆ·(~xj−~xi).
(19)
The term which multiplies Sh(f) in Equation 19 is the
un-normalized overlap reduction function, which was first
introduced in closed form in [45].
A. Ground-based interferometers
For co-located co-oriented interferometers this overlap
reduction function has a value of 8pi/5 [30, 45, 52]. Hence
4the PSD of the strain signal in a given interferometer is
related to the PSD of the Fourier modes constituting the
background via
Sh(f) = Sgw(f)× 8pi × 5
8pi
= 5Sgw(f). (20)
It is important to distinguish between these two quan-
tities when computing the limit (or eventual detected
value) of Ωgw(f), since the numerical factor of 5 is unique
to ground-based interferometers, such as LIGO.
As an example of some confusion, we refer to Sec. 3.6
of Sathyaprakash and Schutz [22], where the fractional
energy density in GWs is defined as
Ωgw(f) =
10pi2
3H20
f3Sgw(f) . (21)
The quantity Sgw(f) is described as the mean square am-
plitude of the GW field per unit frequency, but it’s im-
portant to note that it is actually the PSD of the strain-
signal in a single ground-based interferometer, and not
the PSD of the Fourier modes of the GWB. The cor-
rect detector-independent definition of Ωgw(f) is given
by Equation 10.
B. Space-based gravitational wave detectors
It is also possible to write Ωgw(f) in terms of Sgw(f)
for space-based GW detectors such as LISA [53–55]. For
LISA, the overlap reduction function is normalized by
(8pi/5) sin2 β, where β is the angle between the inter-
ferometer arms [54]. For a LISA-type space-based GW
detector, the proposed configuration of the arms is an
equilateral triangle, however the effective angle β = 90◦.
The PSD of the LISA strain signal is therefore related to
the PSD of the Fourier modes of the GWB via
Sh(f) = Sgw(f)× 8pi × 5
8pi sin2 β
=
5
sin2 β
Sgw(f)
= 5Sgw(f) . (22)
C. Pulsar Timing Arrays
Equation (19) is also applicable to very low frequency
GWs, which are detectable by PTA experiments [56–58].
Here, the value of the overlap reduction function for col-
located and co-oriented pulsars is 8pi/3 (see e.g. [5], and
Appendix C of [59]). Therefore the PSD of the strain sig-
nal in a given pulsar is related to the PSD of the Fourier
modes constituting the background via
Sh(f) = Sgw(f)× 8pi × 3
8pi
= 3Sgw(f) , (23)
although Sgw(f) is seldom reported in the PTA liter-
ature. Instead, PTAs report the detector-independent
value of Ωgw(f), Equation 10, which can also be written
in terms of the GW characteristic strain hc, where
h2c = fSh(f) , (24)
such that
Ωgw(f) =
2pi2
3H20
f2h2c . (25)
The characteristic strain can in turn be written as a
function a dimensionless amplitude A reported a refer-
ence frequency of fyr = 1/yr:
hc = A
(
f
fyr
)α
, (26)
where α = −2/3 for a stochastic GWB generated from
the cosmic population of supermassive black hole bina-
ries [23]. Using Equation (26), one can then write down
the expression for Ωgw found in [58]:
Ωgw(f) =
2pi2
3H20
A2f2yr
(
f
fyr
)2/3
. (27)
IV. INTEGRATED BOUNDS
There are also indirect constraints on Ωgw from Cos-
mic Microwave Background temperature and polariza-
tion power spectra, from lensing, baryon acoustic oscilla-
tion, and Big Bang Nucleosynthesis, e.g. [17, 28, 60, 61].
These constraints are integrated in frequency, and there-
fore are not directly comparable to Ωgw(f) limits, even
though they are often plotted in the same figure. These
bounds may be directly compared to other limits on
Ωgw(f) by applying using power-law integrated curves
derived in [62], and also applied and discussed in [17].
V. SCALING Ωgw(f) WITH TIME
In order to understand how our sensitivity to Ωgw(f)
increases in time, we compute the maximum-likelihood
estimator of the GW PSD. An independent derivation of
the GWB scaling law for PTAs can be found in [9] and
[30] did this for LIGO, but here we do this in a detector-
independent way.
Consider a uniform-in-time sampling of noisy observa-
tions of GW strain; in the Fourier domain, the frequency
spacing is ∆f = 1/T , where T is the length of the ob-
servation; if ∆F = fmax − fmin is the bandwidth of the
measurement, then the number of independent frequency
bins is N = ∆F/∆f = T∆F . (If the full range of data
are used, fmax is the Nyquist sampling frequency and
fmin = 0 is the DC frequency; but in many cases only a
5smaller bandwidth is informative or contains a stochastic
signal.)
Under the assumption that the noise in the observa-
tions is stationary and Gaussian, we can write the log-
likelihood of the data in the frequency domain, s(f), as
log(L) ∝ −2∆f
∑
f≥0
|s(f)|2
[Sn(f) + Sgw(f)]
−
∑
f>0
log [Sn(f) + Sgw(f)] . (28)
(Recall that Sgw(f) is the one-sided PSD; the sums above
run over positive frequencies.)
Optimizing the likelihood with respect to Sgw(f), we
obtain the maximum-likelihood estimator for Sgw(f),
Sˆgw(f) in each frequency bin:
Sˆgw(f) = 2∆f |s(f)|2 − Sn(f). (29)
The estimator is unbiased: the sampling mean,〈
Sˆgw(f)
〉
= Sgw(f). The sampling variance of Sˆ is
var Sˆ(f) = 2 (Sgw(f) + Sn(f))
2
, (30)
so the per-bin S/N is
ρ(f) =
1
√
2
(
1 + Sn(f)Sgw(f)
) . (31)
Note that the per-bin S/N is independent of the obser-
vation time (additional observation time leads to more
bins—finer frequency resolution—but does not improve
the uncertainty in any individual bin) and 0 ≤ ρ(f) ≤
1/
√
2, with the upper limit obtaining when Sgw(f) 
Sn(f). Per-bin estimates of the PSD are never in the
high-S/N limit.
Often we are not interested in per-bin estimates of the
PSD, but instead want to estimate the integrated gravi-
tational wave power over some bandwidth. By linearity,
the (unbiased) estimator is just the integral of the esti-
mator at each frequency:
̂∫
df Sgw(f) ' ∆f
∑
f
Sˆgw(f) =
∆f
∑
f
[
2∆f |s(f)|2 − Sn(f)
]
. (32)
The sampling variance of this estimator is
∆f2
∑
f
2 [Sgw(f) + Sn(f)]
2
, (33)
so the S/N of the integral estimate is
ρ =
∑
f Sgw(f)√∑
f 2 (Sgw(f) + Sn(f))
2
. (34)
For a fixed bandwidth, ∆F = fmax − fmin, the S/N
in Equation (34) scales with the number of bins as√
N =
√
∆F/∆f ∝ √T . If the bandwidth also scales
with time, as in the case for PTAs [9], then the S/N can
scale in a different way than above. Combining data from
multiple independent measurements does not change the
scalings derived here; nor does working with unevenly
sampled time series, though care must be taken to define
the effective bandwidth and frequency resolution in this
case.
VI. DISCUSSION
We have derived Ωgw(f) in a detector-independent
way, Equation (10), in the hopes that this will yield some
clarity as to which expression is general (the former, writ-
ten in terms of Sh(f), and which expressions are detector-
dependent, e.g. Equation (21), which is the expression
for LIGO and LISA. We show how these quantities are re-
lated for LIGO, LISA and PTA experiments, in a general
framework, so that one may also carry out this calcula-
tion with ease for future GW detectors. We hope that the
calculations carried out here are comprehensive enough
to bring some more clarity to how physical this physical
quantity can be measured in the new and emerging field
of GW astrophysics and cosmology.
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